We show that the black hole solutions of Einstein-Maxwell equations coupled nonminimally to two scalar fields, which are known to possess primary scalar hair, are stable against radial perturbations. *
Introduction
In classical general relativity, no hair theorems [1] impose strong constraints on the possibility of obtaining black hole solutions of the Einstein equations coupled to non-trivial scalar fields. A crucial ingredient for their proof is that the scalars be minimally coupled to gravity and other fields. When this condition is relaxed new possibilities emerge for evading the no hair theorems.
Non-trivial scalar hair is possible, for example, when black holes are coupled to scalar fields with non-linear self-interactions. Such solutions were first found in the case of gravity coupled to the Skyrme model [2] , and subsequently for the Einstein-Yang-Mills-Higgs model [3] , and other generalizations. The large literature on this topic has been recently reviewed in ref. [4] . What appears to be characteristic of the class of black holes with non-linear self-interactions is that the scalar fields fall off very rapidly at spatial infinity and hence the asymptotic scalar charges vanish.
Another possibility is to consider black holes with scalar fields which are non-minimally coupled to gauge fields. Such models have been extensively investigated because they arise naturally in Kaluza-Klein theories and in the effective low-energy limit of string theory, where the dilaton plays a nontrivial role. In all these models one can find black hole solutions with non-zero scalar charges at spatial infinity [5, 6] . An analogous phenomenon can be shown to take place also in the pure dilaton-gravity sector of effective string theories, when one takes into account the coupling of the dilaton to gravity via Gauss-Bonnet terms [7] .
For this class of non-minimally coupled models with non-zero asymptotic scalar charges, however, the scalar charges in question are not independent parameters, but in all cases are a given function of the other asymptotic charges which characterize the solution, namely the ADM mass and the electric and magnetic charges. As a result such scalar charges have been called secondary hair by the authors of Refs. [8, 9] , to distinguish them from the theoretical possibility of a primary hair, namely an asymptotic scalar charge which is completely independent of the other charges.
In light of the known solutions one may therefore conjecture [9] that a weaker form of the no-hair property still holds, namely that black hole solutions can be classified by a small number of parameters, which in the case of asymptotic charges include only conserved charges such as mass, angular momentum and gauge charges, but no asymptotic scalar charges.
Even this no hair conjecture does not appear to be valid in general, how-ever. In a recent paper [10] the properties of magnetically charged black holes coupled to a dilaton, Φ, and an additional modulus field, Σ, according the the field equations generated by the 4-dimensional action
were studied using techniques from the general theory of dynamical systems, which have been previously applied to static spherically symmetric solutions of gravity coupled to scalar fields in a number of contexts [11] . In Ref. [10] it was shown that the regular black hole solutions were parameterized by an additional degree of freedom in addition to the mass, M, and magnetic charge, Q, and it was conjectured that this degree of freedom could be considered to be a "primary scalar hair". An important issue in this context is that of stability of the hairy solutions. The physical relevance of the solutions would in fact be spoiled by the presence of instabilities. These are known to occurr in the case of EinsteinYang-Mills models [12, 13] , while are not present in the case of string black holes with a single scalar [14, 15] , which however possess only secondary hair.
In this paper, we investigate the stability of the solutions found in [10] and show that they are stable against linear radial perturbations.
The general perturbations of the solutions of (1) in the case of a single scalar field (dilaton) has been studied in great detail in [14] , using the methods of ref. [16] , and the stability has been proven. The calculation were, already in that relatively simple case, very involved and hence, following most of the literature on the subject [12, 13] , we prefer to limit ourselves to the study of radial perturbations.
Linear stability
We consider the action (1) where for simplicity we put q = 1, λ = 1, since this does not affect our conclusions.
For the discussion of stability, it is convenient to use coordinates in which the metric takes the form
and the magnetic field is given in an orthonormal basis by
In these coordinates, the field equations read
where the prime and the dot denote differentiation with respect to R and t, respectively. We perturb the field equations by time-dependent linear perturbations of the form
where the perturbations are assumed small and the functions Γ(R) etc., denote the time-independent unperturbed solutions of the field equations. We did not perturb the Maxwell field since the electromagnetic Bianchi identities imply that the monopole-like solution (4) must be independent of the radial coordinate.
The perturbed equations then read
Eq. (15) can be immediately integrated. With suitable boundary conditions it yields
The problem of stability can then be reduced to the study of the perturbation of the scalar fields Φ and Σ [12, 13] . After long manipulations of the perturbed equations, one can obtain a coupled system of second order linear equations for δΦ and δΣ:
where
In Schwarzschild coordinates (2) the previous equations are not regular at the horizon. Therefore, it necessary to define new "tortoise" coordinates, defined as [13] R * = e (Γ−Λ)/2 dR.
Defining new fields u = RδΦ, v = RδΣ, and using the explicit time-dependence of the perturbative modes, one can finally put the stability equations (18)-(19) in the Schrödinger form
where u is the vector of components (u, v) and A is a symmetric matrix with entries
The matrix A can be diagonalized, and has eigenvalues
The classical solutions are stable under linear perturbations if the potentials V 1,2 are everywhere positive. This can be proved by generalizing the arguments of Chandrasekar [16] . In fact, (20) can be written as
Multiplying (22) by ∂u † /∂t and integrating over R * , one gets
After integrating by parts the second term, and adding the complex conjugate equation, one obtains the energy integral
If the last two terms are bounded and positive definite, it follows that also the integral of |∂u/∂t| 2 is bounded, excluding any exponential growth of the perturbations. In our case, it is sufficient to show that u † Au is positive. This can easily be checked by diagonalizing the the matrix A. If the eigenvalues V 1,2 are non-negative functions, then u † Au is clearly positive. It is straightforward to check the positivity of the eigenvalues if the analytic form of the solutions is known. In the other cases, one has of course to resort to numerical calculations. Let us consider for example the solution with Φ = Σ. This can be written as [10] 
. In terms of the coordinate R such that the metric takes the form (2), one has
where a = r − /3, b = r + − r − /3, and
In these coordinates, the singularity is located at R = 0, and the horizon at R = (b + a) 2/3 (b − 2a) 1/3 . One can now substitute the metric functions in (20). The analysis is greatly simplified by the fact that for this solution Φ = Σ and hence A(R) = B(R). The equations readily separate into two independent equations for fig.  1 and 2 . They vanish at the horizon and at infinity and are regular and positive in the interval. We can hence deduce the stability of the solution with Φ = Σ.
In the general case, numerical calculations show that the behaviour of V 1,2 is qualitatively the same as for exact solutions. Therefore, all the classical solutions are stable against radial linear perturbations.
